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The Jeans instability is regarded as important tool for analyzing dynamical of a self-gravitating
system. However, the astronomical observation data show that some Bok globules, which mass are
less than the Jeans mass still have stars or at least experience the star formation process. In this
paper, we investigate the effects of higher order generalized uncertainty principle on the Jeans mass
of collapsing molecular cloud. It is found that the higher order generalized uncertainty principle has
a very significant effect on the canonical energy and gravitational potential of idea gas, and final
leads to modified Jeans mass lower than the original case, this result can be used to explain the
problem of Bok globules. Furthermore, we first constrain the upper limits of the GUP parameter
β0 by using the different data of Bok globules, which range from 10
15 to 1017.
I. INTRODUCTION
Einstein’s theory of the general relativity is regarded
as the cornerstone of the development of modern physics
and astronomy. However, with the deepening of research,
it is found that general relativity has flaws, which lead
to many problems, such as to the black hole informa-
tion paradox, naked singularity of spacetimes, and so on
[1]. Now, one of most potential candidate to solve those
problems is the quantum gravity. Based on theories the
string theory, loop quantum gravity and noncommutative
geometry, people believed that there is the existence of
a minimum measurable length of the order of the Planck
length, which is supported by the Gedanken experiments
[2–4].
According the minimum measurable length, it is found
that the Heisenberg uncertainty principle (HUP) can be
modified as Generalized uncertainty principle (GUP). In
1995, Kempf, Mangano and Mann proposed a quadratic
form of GUP, which we now call as “KMM model”
and with the expression as ∆x∆p ≥ ~2
[
1 + β20 l
2
p∆p
2
]
.
It is easy to find that KMM model predicts a mini-
mal length ∆xKMMmin ≈ ℓp
√
β0 with the GUP param-
eter β0 [5]. Subsequently, incorporating the idea of
the maximal momentum, Ali, Das and Vagenas con-
structed another GUP (ADV model), namely, ∆x∆p ≥
~
2
[
1 + 2α0ℓp 〈p〉/~+ 4
〈
p2
〉
α20ℓ
2
p
/
~
2
]
, where α0 is the
GUP parameter. Moreover, this liner and quadratic GUP
suggests the existence of a minimal length ∆xADVmin ≈ α0ℓp
and a maximal momentum ∆pADVmax ≈ ℓp/α0[6]. In re-
cent years, the KMM model and ADV model play im-
portant roles in the researches of many physics contexts.
For example, by using the KMM model, people derived
the GUP corrected Hamilton-Jacobi equation and inves-
tigated the modified tunneling rate of particles with arbi-
trarily spins from event of curved spacetimes [7]. More-
over, the KMM model and ADV model can be also ex-
tended to Proca equation, which leads to the modified
∗ Email: zwfengphy@163.com;zwfengphy@cwnu.edu.cn
Hawking temperature of black holes [8, 9]. Besides, Vage-
nas et al. studied the validity of the no-cloning theo-
rem within the framework of GUP. They pointed out
that the energy required to send information to a black
hole is affected by quantum gravity [10]. In Ref. [11],
the authors investigated how the KMM model affect
the Casimir wormhole spacetime, and obtain a class of
asymptotically flat wormhole solutions.
Despite KMM model and ADV model are two of most
studied GUP, they still have the some defects, such as
the minimal length and the maximal momentum are only
valid for small GUP parameters, and does not imply non-
commutative geometry [12]. Therefore, for overcoming
those difficulties, Pedram introduced a nonperturbative
higher order GUP, which agree with various proposals
of quantum gravity [13]. Subsequently, this higher order
GUP was used to corrected the blackbody radiation spec-
trum and predicts the cosmological constant. Based on
this heuristic work, many new form of higher order GUP
were presented [14–16]. Recently, in Ref. [17], Shababi
and Chung proposed a D-dimensional generalized Heisen-
berg algebra as follows:
[x, p] = i~
/(
1− 3βp2), (1)
which leads to a higher order GUP:
∆x∆p ≥ ~
2
1
(1− 3β∆p2) , (2)
where β = β0
/
M2p c
2 = β0ℓ
2
p
/
~
2 with the dimension-
less GUP parameter β0, the Planck mass Mp and the
Planck length ℓp. Meanwhile, Eq. (2) guarantees the
existence of an absolute smallest uncertainty in position
∆xmin = 4~
√
β
/
9 and a maximal uncertainty in momen-
tum ∆pmax = 1
/√
3β, which never appears in the frame-
work of Heisenberg uncertainty principle (HUP). How-
ever, when β → 0, the expression of Eq. (2) reduces to
that of HUP.
According to the higher order GUP (2), people investi-
gated the modified eigenfunctions and eigenvalues for the
particle in a box and one-dimensional hydrogen atom, re-
spectively. Moreover, one may also find that the higher
2order GUP corrected behavior of Bohr-Sommerfeld quan-
tization, which can be used to calculate energy spectra
of quantum harmonic oscillator and quantum bouncer
[16]. In the light of the previous work, it is believed that
the higher order GUP can not only be used to study the
properties of the quantum systems, but also to solve the
problems of astrophysics, black hole physics, cosmology,
and so on. For example, a lot of astronomical data show
that there are some Bok globules have stars or at least ex-
perience the star formation process [18]. However, their
mass are less than the Jeans mass [19]. For solving this
problem, Moradpour, et al. used the KMM model and
ADV model to correct the limited of Jeans mass [20].
Motivated by the above arguments, we try to extend the
higher order GUP into the Jeans instability and calcu-
late the GUP corrected limited of Jeans mass of those
especial Bok globules in the present article.
The paper is organized as follows: Section II is de-
voted to a review of the Jeans instability limit in clas-
sical case. In Section III, according to the new higher
order GUP (2), we compute the corrections to the po-
tential energy and canonical energy of a molecular cloud,
respectively. Then, we discuss the modified jeans grav-
itational instability, and then derive the GUP corrected
Jeans mass for explaining the problem of Bok globules.
By using the GUP corrected jeans mass, the parameter of
the new higher order GUP is constrained in Section IV.
Finally, conclusions can be found in Section V.
II. THE JEANS INSTABILITY LIMIT IN
CLASSICAL CASE
In this section, we briefly review jeans instability limit
and derive the Jeans mass in classical case. In Ref. [20],
based on the argument that relies upon the virial theo-
rem, the authors pointed out that the collapse of molecu-
lar cloud happen if the gravitational potential energy Ep
is larger than the canonical energy U satisfy the following
relation:
U < −Ep/2. (3)
Since the gravitational potential energy and the canon-
ical energy are related to the mass and free energy of
a molecular cloud, respectively. For obtaining the jeans
mass, it is necessary to derive the expressions of gravita-
tional potential energy and the canonical energy. Since
the spacetime is flat in the classical case, the Newton’s
law of gravitation is F0 = GMm
/
r2, and the gravita-
tional potential becomes V (r) = −GM/r, and the cor-
responding potential energy becomes
Ep =
∫ M
0
V (r) dr =
∫ R
0
4πρ (r) rGMdr
= −3GM
2
5R
. (4)
It should be noted that, the density of dark cloud ρ (r)
in Eq. (4) is assumed as a constant ρ0 for the sake of
simplicity.
Next, the classical fundamental commutation relation
in the flat spacetime can be expressed as [x, p] = i~,
which leads to HUP ∆x∆p ≥ ~/2. When consider-
ing the Liouville theorem, the density of states in mo-
mentum space in the spherical coordinate systems is
D (p) dp = 4πV p2dp
/
h3, which leads to the original par-
tition function of the ideal gas as follows
Z =
ZN1
N !
=
4πV
N !
∫
p2
h3
exp
(
− p
2
2µkBT
)
dp
=
4πV
N !
(2πµkBT )
3/2
h3
, (5)
where N , µ and T are the numbers of non-interacting
particles,mass and temperature of the ideal gas, respec-
tively [21]. Besides, considering mass of each ideal gas
molecule is µ, the total mass of the ideal gas satisfies
the relationship M = µN . According to Eq. (5), one
can straightforward to derive the equation of state of the
ideal gas PV = NkBT , and the canonical energy can be
expressed as
U0 = NkBT
2
(
∂ lnZ
∂T
)
N,V
=
3
2
NkBT. (6)
Obviously, the original canonical energy is depended the
number of non-interacting particles N and their tem-
perature T . Now, substituting Eq. (4) and Eq. (6)
into inequality (3) and considering the radius as R =
(3M/4πρ0)
1
3 , the result is
M >
(
5kBT
Gµ
) 3
2
(
3
4πρ0
) 1
2
. (7)
Hence, the above mention equation indicates a the lower
bound of the cloud mass to collapse, which is known as
the Jeans mass
MJ0 =
(
5kBT
Gµ
) 3
2
(
3
4πρ0
) 1
2
. (8)
Despite the formation of most stars can be examined by
the original jeans instability and jeans mass, people still
observed some Bok globules, such as CB 84, CB 110, they
mass are less than MJ0 but still have stars or at least ex-
perience the star formation process [19]. For explant that
problem that the astronomical observation brought out,
we investigate the modified jeans mass in the framework
of higher order GUP.
III. THE JEANS GRAVITATIONAL
INSTABILITY LIMIT IN HIGHER ORDER GUP
CASE
The GUP have various implications for a wide range
of physical systems. Meanwhile, they are regarded as
3a powerful tool to solve various difficult problems in
these research fields. Therefore, in order to obtain the
modified jeans gravitational instability, we discuss how
higher order affects the gravitation potential energy and
canonical energy of idea gases, respectively.
A. GUP corrected gravitation potential energy of
idea gases
For deriving the GUP corrected gravitation potential
energy, we need to use the theory of entropic force. It
is an intriguing explanation for Newton’s law of grav-
ity, which is based on the holographic principle and an
equipartition rule. Now, by taking ~ = 1 and using
Eq. (2), one can easily find the following uncertainty re-
lation
∆p ≥ 1
3

 22/3∆x(
−9∆x2β2 +
√
−16∆x6β3 + 81∆x4β4
)1/3+
(
−9∆x2β2 +
√
−16∆x6β3 + 81∆x4β4
)1/3
22/3∆xβ

 . (9)
Expanding RHS of Eq. (9) with respect to β and con-
sidering the absolute smallest uncertainty in position√
β = 9∆x/4 [23], one has
∆p ≥ − 1
4∆x
[
1− 4∆x√
3β
+
3
√
3β
8∆x
+
3β
4∆x2
+O (β2)]
≥ − 1
4∆x
[
1 +
217
288
√
3
+
3β
4∆x2
+O (β2)]
≈ − 7
20∆x
[
1 +
15
28∆x2
β +O (β2)] . (10)
In Ref. [24], it was proposed that the uncertainty mo-
mentum ∆p can be defined as the energy ω. Hence, the
abovementioned inequality can be rewritten as
ω ≥ − 7
20∆x
[
1 +
15
28∆x2
β +O (β2)] . (11)
From the Verlinde’s entropy force theory, for calculating
the modified gravitational force, one should consider a
spherically symmetric gravitational system, which allows
the quantum particles entry or exit its horizon. Accord-
ingly, when the system absorbs or releases particles, the
minimal change in the horizon area is ∆Amin ≥ 8πωRℓ2p,
where R is the size of a quantum particle. Based on the
arguments of Ref. [25], the quantum particle has a lower
boundary R ≥ ∆x, which leads to ∆Amin ≥ 8πω∆xℓ2p.
Substituting this relation into Eq. (11), one has ∆Amin ≥
−14πℓ2p
[
1 + 15β/28∆x2 +O (β2)]/5. Near the horizon,
the position uncertainty satisfies the relation ∆x = 2r
with the radius of the gravitational system r. Further-
more, considering the geometric properties of the gravi-
tational system, the relation between ∆x and A is given
by ∆x2 = 4πr2 = A/π [26, 27]. Therefore, the minimal
change in the horizon area of the gravitational system
goes to
∆Amin ≥ λℓ2p
[
1 +
15A
28π
β +O (β2)] , (12)
where λ is an undetermined coefficient. In Ref. [25], the
authors pointed out that the information of the gravita-
tional system is reflected in its area. On the other hand,
based on the information theory, it is believed that the
area of one system can affect its smallest increase in en-
tropy [28]. Since the fundamental unit of entropy as one
bit of information is ∆Smin = b = ln 2, one obtains
dS
dA
=
∆Smin
∆Amin
=
b
λℓ2p
1[
1 + 15A28pi β +O (β
2)
] , (13)
which turns out to be
S=
AkB
4ℓ2p
[
1− 15π
28A
β lnA+O (β2)] , (14)
where we fix b/λ = kB/4 since when β → 0 the entropy-
area law S0=AkB/4 should be recovered [29]. From
Eq. (14), it is realize that the entropy of gravitational
system has been corrected by the higher orders of GUP.
When ignore the effect of GUP, the modified entropy
reduces to the original case. The correction term in
brackets are determined by the parameter β and the log-
arithmic term lnA, which is coincident with previous
works [30–33]. According to the holographic principle
and entropy-area law, when assuming the gravitational
system has N -bits information, the number of bits can
be expressed as follows:
N = 4S
kB
=
A
ℓ2p
[
1− 15π
28A
β lnA+O (β2)] . (15)
Next, one can further denotes the total energy of the
gravitational system as E, which is average distribution
is in N bits. Hence, each bit contains kBT /2 energy,
then, following the equipartition rule, the total energy
takes the form
E = NTkB/2. (16)
On the other hand, in Ref. [34], Verlinde demonstrated
the Entropic force is more fundamental than gravity, and
entropic force of a gravitational system is
F∆x = T∆S, (17)
where F is the entropy force, T is the temperature, ∆S
is the change of entropy of the gravitational system, and
∆x represents the displacement of the particle with the
mass m from the gravitational system, which satisfy the
relation ∆S = 2πmc∆x [35, 36]. Now, substituting the
expression of change of entropy, Eq. (14)-Eq. (16) into
Eq. (17), and considering E = Mc2 and A = 4πr2, the
4Newton’s law of gravitation should be corrected as fol-
lows:
FGUP = F0
[
1 +
15
112
β
r2
ln
(
4πr2
)
+O (β2)] . (18)
Obviously, when β = 0, Eq. (18) reduce to the origi-
nal Newton’s gravitation F0 = GMm
/
r2. Based on the
modified Newton’s law of gravitation, the corresponding
GUP corrected gravitational potential is
VGUP =
∫
FGUP
m
dr
= −GM
r
{
1 +
5β
168r2
[
1 +
3
2
ln
(
4πr2
)]
+O (β2)} ,
(19)
where the higher order terms of β are ignored since their
contribution to gravitational potential is very small. Ap-
plying Eq. (19) to a molecular cloud with radius R, mass
M and the almost uniform density ρ0, the following ex-
pression for the modified potential energy is obtained
Ep(GUP) =
∫ R
0
VGUP (r) dM
= −3GM
2
5R
[
1 +
25β
336R2
ln
(
4πR2
)
+O (β2)] .
(20)
It is obvious that this field equation is affected by the
massM , the radius R, and the GUP parameter β. When
taking β = 0, the modified potential energy reduces to
the original case original potential energy Eq. (4).
B. GUP corrected canonical energy of idea gases
According to Eq. (3) and Liouville theorem,
one can obtain the weighted phase space volume(
1− βp2)4 (1− 3βp2) d3~xd3~p remains invariant under
the time evolution, and the density of states in momen-
tum space in the spherical coordinate systems reads
D (p) dp =
4πV
h3
p2
(
1− βp2)2 (1− 3βp2) dp. (21)
Plugging Eq. (21) into the partition function of a dark
cloud, which approximated by an ideal gas containing N
non-interacting particles with mass m at temperature T ,
one reaches
ZGUP =
4πV
N !
∫
p2
h3
(
1− βp2)2 (1− 3βp2) exp(− p2
2µkBT
)
dp
=
4πV
N !
(2µkBT )
3/2
I (β)
h3
, (22)
where I (β) =
√
pi
4 [1− 15kBµTβ +O (β)]. the GUP cor-
rected canonical energy is presented as
UGUP = NkBT
2
(
∂ lnZGUP
∂T
)
N,V
= U0 [1− 10µkBTβ +O (β)] , (23)
where original canonical energy U0 = 3NkBT/2. Obvi-
ously, the modified canonical energy dose not only re-
lated to the original canonical energy U0, but also to
parameter β, mass of a non-interacting particle m and
temperature T .
C. GUP corrected jeans mass
Now, by retaining the terms up to O (β2), and substi-
tuting Eq. (20) and Eq. (23) into Eq. (3), one yields
NkBT (1− 10kBµTβ) < GM
2
5R
[
1 +
25β
336R2
ln
(
4πR2
)]
.
(24)
Considering the radius R = (3M/4πρ0)
1
3 , Eq. (24) can
be rewritten as follows:
5kBT (1− 10kBµTβ)
µ(4πρ0/3)
1/3
< M2/3χ, (25)
where χ = G
{
1 + 25β
336(3M/4piρ0)
2/3 ln
[
4π
(
3M
4piρ0
)2/3]}
.
It is clear from Eq. (25) that if β = 0, the up-
per bound of mass goes to the Jeans mass MJ0 =
(5kBT/Gm)
3
2 (3/4πρ0)
1
2 . On the other hand, due to
M ≫ 1 and β is finite, the GUP corrected Jeans mass is
obtained by saturating Eq. (25), with the result
MJGUP =M
J
0 (1− 10µkBTβ)
3
2 . (26)
One may see that the GUP corrected Jeans massMJGUP is
related to the original Jeans massMJ0 , the idea gas mass
m, and the GUP parameter β. Meanwhile, it should
be noting that the mass of non-interaction particle and
the temperature of gravity system must be real num-
bers greater than zero, if β > 0, the MJGUP is positive
when mTβ < 1/6, which leads to MJGUP is lower than
MJ0 . Up to now, the astronomical observations show that
some Bok globules’ mass are less than their correspond-
ing Jeans mass. The GUP corrections to the Jeans mass
can be a candidate to explain those observational facts.
On the other, in Ref. [37], Ong claimed that the neg-
ative GUP parameter is physically meaningful since it
restore the Chandrasekhar limit. So, it is interesting to
investigate how modified Jeans mass change for β < 0.
Evidently, the negative parameter in GUP is able to in-
crease the modified Jeans mass.
IV. CONSTRAINTS FOR PARAMETER β0
In many pervious works, the GUP parameter β0 is al-
ways assumed to be 1, so that modified results are neg-
ligible unless energy approaches Planck scale. However,
if the assumptions regarding the GUP parameters is not
5be considered, the bound of GUP parameters can be ob-
tained by previous experimental and observational data.
For example, the astronomical observations show that
some Bok globules’ mass is smaller than their original
Jeans mass, however, gravitational collapse still occurred
and produce the stars. Those facts can be explained by
our work since the effect of GUP is able reduce the Jeans
mass. Now, substituting the mass M , temperature T
and the original Jeans mass MJ0 of a Bok globules into
Eq. (26), and considering the GUP corrected Jeans mass
equals to the mass of Bok globules, namely, MJGUP =M,
the upper bound of the dimensionless GUP parameter β0
is as follows:
β0 =
c2M2p
10kBµT
[
1−
(M
MJ0
)2/3]
. (27)
Remarkably, the different data of Bok globules leads to
the different upper limit for GUP. Hence, according to
Ref. [18], the upper bounds on β0 set by different data
of Bok globules are presented in Table. I.
TABLE I. The upper bounds on GUP parameter β0 set by
different data of Bok globules with Mp = 2.18 × 10
−8kg and
µH = 1.67 × 10
−26kg, c = 2.99 × 108m · s−1, kB = 1.38 ×
10−23J · k−1
Name T M MJ0 β0
(K) (M⊙) (M⊙)
CB 87 11.4 2.73 9.6 4.53× 1017
CB 110 21.8 7.21 8.5 4.35× 1016
CB 131 25.1 7.83 8.1 8.12× 1015
CB 161 12.5 2.79 5.4 2.60× 1017
CB 188 19.0 7.19 7.7 2.15× 1016
FeSt 1-457 10.9 1.12 1.4 1.16× 1017
Lynds 495 12.6 2.95 6.6 3.01× 1017
Lynds 498 11.0 1.42 5.7 5.01× 1017
From Table. I, the M⊙ denotes the Sun mass. The final
results are determined by the mass of non-interaction
particles µ. For getting the exact value of the upper
bounds on β0, we further assume that the non-interacting
particles are composed of the hydrogen atoms, which is
most abundant element in the universe with the mass
µH = 8.43 × 10−57M⊙. In this case the results can be
expressed β0, which range from 10
15 to 1017. Compar-
ing the upper bound in Table I with those obtained by
other experiments, one may find that our results are are
more stringent than that set by the Electron tunneling
(β0 < 10
21), the Gravitational bar detectors (β0 < 10
33),
87Rb cold-atom-recoil experiment (β0 < 10
34), and the
gravitational wave event GW150914 (β0 < 10
60) [38].
V. DISCUSSION
In this paper, by incorporating a new higher order of
GUP with the virial equilibrium and Verlinde’s entropy
force theory, we first investigated the modified canoni-
cal energy UGUP and the modified gravitational potential
energyEp(GUP) of a molecular cloud, respectively. Subse-
quently, according to those modifications, the GUP cor-
rected Jeans mass MJGUP is obtained. It is found that
the GUP can effectively increase the gravitational po-
tential, and reduce the canonical energy and the Jeans
mass. This leads to collapse of Bok globules with masses
less than the standard valueMJ0 , which is consistent with
the facts of astronomical observations. Finally, using the
different data of Bok globules, we constrain the upper
bound of the GUP parameter β0. The results showed
that their range of upper bound from 1015 to 1017, which
at least improve of 4 to 6 orders of magnitude over pre-
vious works.
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